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a b s t r a c t

The work proposed here deals with theory and experiment on the acoustics of gas satu-
rated rigid porous media with inner resonance effects. First, we investigate the physics of
porousmedia inwhich inner resonance phenomena occur. Then, through the homogeniza-
tion method the macroscopic descriptions of (i) porous media constituted by a packing of
Helmholtz resonators and of (ii) Helmholtz resonators embedded in a porous matrix are
established. Around the eigen frequency of the resonator, the drastic change in the behav-
ior of the medium results in band-gaps that can be determined analytically. Second, fol-
lowing the physical principles governing the inner resonance, several prototypes of such
media are designed. Moreover, several extensions of this basic principle are described an-
alytically and tested experimentally. Specific features of porous media embedding inner
resonance effects are identified by common acoustic measurements and are shown to be
in good agreement with the theory. Among the noteworthy results shown, it is confirmed
experimentally that the resonators essentially modify the effective bulk modulus of the
medium inducing strong velocity dispersion and high attenuation in the frequency range
of the theoretical band gaps. In conclusion, we discuss the forthcoming applications of the
macroscopic modeling, especially as a tool for designing new materials with unconven-
tional properties such as large dissipation at low frequencies.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

This paper deals with theory and experiment on acoustics of gas saturated rigid porous media with inner resonance
effects. Studies on heterogeneous media have shown that when a ‘‘partial’’ non equilibrium state occurs at the local scale, a
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non-conventional behavior arises at the macroscopic scale. This is the case in highly contrasted elastic composite materials:
the inner resonance of the soft constituent induces band gaps, as evidenced theoretically in the pioneer paper [1] (see
also [2]), and demonstrated in practice by [3] or [4,5]. An other example is the transient inner diffusion phenomenon in
double porosity media [6,7] experimentally evidenced in poro-acoustics [8,9]. Weakly damped resonance (elasto-inertial
effects) or strongly damped resonance (transient diffusion mechanisms) yield different macroscopic behavior e.g. with or
without band gaps respectively. However, in both cases the macroscopic description strongly departs from usual modeling.
Suchmaterials constitute a particular class of ‘‘metamaterials’’, and are of prime interest for their unconventional properties,
that are seemingly impossible to reach with classical materials.

The coexistence of dynamic phenomena at both the microscopic and macroscopic scales only occurs with specific mi-
crostructural configurations and in particular frequency range(s). We will focus here on the case where, under the ‘‘co-
dynamic’’ regime, one distinguishes within any Elementary Representative Volume (ERV) a domain that experiences a
dynamic state, while the complementary domain experiences a ‘‘quasi-static’’ state. This situation has several advantages
thatwill be exposed throughout the paper: (1) itmakes possible a simplemodeling, (2) it corresponds to configurationsmuch
relevant in practice, (3) it includes the essential of the physics. To reach such situation, the ERV’s constituents must present
highly contrasted properties, otherwise they will experience a similar regime associated with a common wavelength. This
contrast may result either through physical parameters of different order of magnitude (as in the examples mentioned
above), or through morphological contrasts as in reticulated media [10] or in the present study. Indeed, it was established
in [11,12], (see also [13]) that a ‘‘co-dynamic’’ regime may appear in ‘‘ad-hoc’’ designed periodic array of Helmholtz res-
onators embedded in a porous matrix. The present paper proposes modeling of such media and experimental validations of
the main theoretical outcomes.

The paper is structured as follows. First, we investigate the physics of heterogeneous porous media in which inner res-
onance phenomena occur. To reflect the physics of the phenomena, and conversely to usual cases, different scaling and
expansions are used in different regions of the gas. Such situations can nevertheless be addressed through the two-scale ho-
mogenizationmethod [14,15]. Hence themacroscopic descriptions of (i) porousmedia constituted by a packing ofHelmholtz
resonators and of (ii) Helmholtz resonators embedded in a porousmatrix (see Fig. 1) are established. Several generalizations
based on other configurations (multiple resonators at distinct frequency, quarter wavelength resonators, ‘‘parabolic’’ mi-
croporous resonators) are also presented. Second, following the physical principles governing the inner resonance, several
prototypes of such media are designed. Their specific features are identified by common acoustic measurements and are
shown to be in good agreement with the theory. Among notable results, it is confirmed experimentally that the resonators
essentiallymodify the effective stiffness of the gas that in turn induces strong dispersion in the frequency range of band-gaps
identified theoretically. In conclusion, we discuss the forthcoming applications of the macroscopic modeling, especially as
a tool for designing new materials with unconventional properties.

2. Theoretical models

We consider heterogeneous porous media presenting a statistically invariant representative volume element, that are
conveniently represented by periodic media of period b⌦ and characteristic size `, (Fig. 2). The study focuses on the
description of particular media in co-dynamic regime i.e. when the propagation of long waves coincides with the resonance
of a component of the period. Thus, in the usual sense of homogenization [14,15], a scale separation exists between the
period size and wavelength.

2.1. Homogenization method

We are interested in wave propagation with a wave-length ⇤ much longer than the size ` of the period. The presence
of the scale separation enables us to use the asymptotic multiple scale homogenization method to derive the equivalent
macroscopic behavior. We denote by L = ⇤/2⇡ the macroscopic characteristic length of the wave, and by " the scale ra-
tio parameter " = 2⇡`/⇤ = `/L ⌧ 1. To represent the two scales of the co-dynamic regime, one introduces two sets
of dimensionless space variables, x/` = y

⇤ and x/L = x

⇤ associated respectively to the variations at the period and at
the wave-length scales, where x stands for the usual space variable. Equivalently, taking L as reference length, two space
variables, y = Ly⇤ = "�1

x and x = Lx⇤ will be used, the usual derivative being therefore changed into "�1@/@y + @/@x.
The homogenization process is achieved accordingly to [14,15]. The field variables are expanded in power of ", each term
(specified by exponents in brackets) being b⌦ periodic. For example, the pressure p reads:

p(x, y) =
1X

0

"i p(i)(x, y). (1)

To reflect the physics of the phenomena, the use of asymptotic expansions is combined with a rescaling of the equations
based upon the dimensional analysis. This procedure ensures that the limit description obtainedwhen " ! 0 keeps a physic
of the same nature as in the real situation where the scale separation is finite. The specificity of homogenization in presence
of Helmholtz resonators is that the ‘‘contrast of geometry’’ implies introducing different scalings and expansions in different
regions of the gas domain.
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Fig. 1. Illustration of the different models considered. From left to right: impervious spheres in air (Section 2.2), resonators in air (Section 2.3), resonators
in porous medium (Section 2.4). Experiments on the three configurations are reported in Section 4.

Fig. 2. Pattern of the periodic medium containing inner resonators.

Then, these expansions are introduced in the equations written with the two-scale derivatives and rescaled according to
the physical analysis. The terms of the same power in " are then identified, and the problems obtained in series are solved
until the equation governing the phenomena at the leading order is obtained.

For conciseness, in this paper we highlight the rescaled formulations reflecting the physics and give the corresponding
macroscopic descriptions without detailing the homogenization process.

In the sequel, we study small acoustic perturbations from the equilibrium state. The analysis is performed in the Fourier
space with harmonic time dependence exp(+i!t) where ! and f = !/2⇡ are the angular frequency and the frequency. By
linearity the time dependence is generally omitted. We consider porous media saturated by air (or any other gas), whose
ambient pressure, temperature and density at equilibrium are respectively Pe, T e and ⇢e; the physical parameters are, the
viscosity µ, the heat mass capacity cp, the heat capacity ratio � , the heat conduction  (recall that cp(1 � 1

�
) = Pe

Te⇢e ). The
sound velocity is denoted Ce = p

� Pe/⇢e. For air in ambient conditions, Pe = 1.013 ⇥ 105 Pa, ⇢e = 1.2 kg/m3, � = 1.4,
µ = 1.84 ⇥ 10�5 Pa · s,  = 0.026 W/(m · K), cp = 1019 J/(kg · K) and Ce = 343 m/s.

2.2. Conventional porous media

Let us briefly recall the reference poro-acoustic theory, by considering porous media made of a packing of impervious
grains. As illustrated in Fig. 1, the characteristic size of the grains and of the pores is of the order of the size ` of the
period b⌦ = ⌦p [ ⌦g where ⌦p and ⌦g denote respectively the pore and grain domains of interface � . The porosity is
�p = |⌦p|/|b⌦| = 1 � |⌦g |/|b⌦|.

2.2.1. Physics of the gas in the pores and rescaled equations
In the pores ⌦p, the linearized equations governing the harmonic perturbations, are given below where pp, ⇢p, ✓p, stand

respectively for the perturbations of pressure, density, and temperature, while vp,D(vp) denote the velocity and the strain



C. Boutin, F.X. Becot / Wave Motion 54 (2015) 76–99 79

rate. The set of equations is constituted by the gas mass balance, the Navier–Stokes equation (momentum balance), Fourier
equation (energy balance), and the state equation of the gas:

div(vp) + i!
⇢p

⇢e = 0 (2)

µdiv(D(vp)) � rpp � i!⇢e
vp = 0 (3)

div(r✓p) � i!(⇢ecp✓p � pp) = 0 (4)

pp
Pe = ⇢p

⇢e + ✓p

T e . (5)

On the gas–solid interface � , the boundary conditions are the adherence condition and the isothermal condition on the
solid:

vp = 0; ✓p = 0. (6)
From the state equation, the pressure and temperature are kept as independent variableswhile the gas density⇢ is expressed
in function of the two previous variables. In the pores, the viscous shear stresses and the heat flux vary at the local scale
while the pressure varies at the macroscale. Consequently, when re-expressed with the (x, y) variables (remind that L is
the reference length), the terms µdiv(D(v0)) and div(r✓p) have to be rescaled as µ(`/L)2div(D(v0)) = µ"2

div(D(v0)) and
"2div(r✓p). Thus, the ‘‘x–y-rescaled’’ Navier–Stokes equation takes the following form:

µ"2
div(D(vp)) � rpp � i!⇢e

vp = 0 (7)

"2div(r✓p) � i!(⇢ecp✓p � pp) = 0. (8)

Remark. The "2-scaling applies to the differential operator div(D(�)) re-expressedwith the (x, y) variables. For this reason
the parameters µ and  are unchanged compared to the single variable formulation ((3)–(4)).

2.2.2. Conventional poro-acoustics — a reminder
The homogenization process leads successively to the following well known results [16–19], or [7]. First it is estab-

lished that the pore’s pressure varies at the macroscale i.e. p(0)
p (x, y) = P (0)(x). Second, under the forced macroscopic

pressure gradient, the periodic visco-inertial flow around the impervious grains leads to the dynamic Darcy law. Similarly,
in the gas in contact with the grains (in isothermal state), the heat transfer forced by the macroscopic pressure leads to
the temperature and density periodic distribution. Then, the global mass balance on the whole cell provides the effective
bulk modulus that accounts for the non uniform temperature through the ‘‘thermal function’’ denoted hereafter ⇧p(!).
This function defined in [7] using homogenization, is related to the dynamic thermal permeability K 0

p(!) introduced in [20]:

⇧p(!) = ��1
�

i!⇢ecp


K 0
p(!)

�
.

This results in a set of equations, where the derivatives are taken according to the macro space variable and the pressure
and themean flux are the leading order terms P (0),V(0). For this reason, the index x indicating thederivative and the exponent
(0) indicating the order can be dropped without ambiguity. Thus the macroscopic description reads, where V is the integral
of the velocity in the pores, divided by the total cell volume and P is the pore pressure:

div(V) + i!
P
Pe �p[1 � ⇧p(!)] = 0 (9)

V = �Kp(!)

µ
rP = � �p

i!⇢e⌧p(!)
rP.

In these equations, for simplicity, themedium is assumedmacroscopically isotropic so that the dynamic permeability tensor
and the dynamic tortuosity tensor reduce to scalar functions Kp(!), ⌧p(!) related by the equalities:

⇢e⌧p(!) = µ�p

i!Kp(!)
.

The dynamic permeability Kp, and the effective bulk modulus of the gas Ep = Pe
�p

1
1�⇧p

, are complex and frequency de-
pendent. At low frequencies, the flow is governed by the viscosity then, Kp ! Kp, the real-valued intrinsic permeability
; and the perturbation is quasi-isotherm i.e. Ep ! Pe/�p. At high frequencies, the flow is governed by the inertia then
Kp ! (�pµ)/(i!⇢e↵p1) where ↵p1 will be called by convention the tortuosity (throughout the paper this term is reserved
for the high frequency limit of the dynamic tortuosity); and the perturbation is quasi-adiabatic thus Ep ! � Pe/�p. Low and
high frequency domains are delimited by the critical frequency !c derived by equalizing the low frequency viscous effects
and the high frequency inertial effects ; the isothermal/adiabatic transition occurs at a frequency !t ⇡ O(!c):

!c = �pµ

Kp⇢e↵p1
.
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Fig. 3. Example of spherical Helmholtz resonator of volume ⌦H = e⌦ [ ⌦ 0 .

Eliminating the flux V gives the wave equation and its corresponding wavelength:

Pe

1 � ⇧p(!)
�P + !2⇢e⌧p(!)P = 0

⇤p(!)

2⇡
= 1

!

s
Pe

⇢e

1
⌧p(!)(1 � ⇧p(!))

. (10)

Hence, at low frequency (! ⌧ !c) the wave if of parabolic type and |⇤p
2⇡ | ⇡ 1p

!

q
PeKp
µ�p

, while at high frequency (! � !c)

it becomes of hyperbolic type and |⇤p
2⇡ | ⇡ 1

!
Ce

p
↵p1 . This modeling is valid when the scale separation assumption is satisfied,

i.e. in the frequency range lower than the diffraction frequency defined by:

! ⌧ !d;
⇤(!d)

2⇡
⇡ `.

2.3. Porous media made of resonators

In this sectionwe consider a periodicmediumsimilar as in theprevious section, except that the impervious grains are now
replaced by Helmholtz resonators (see Fig. 1(b)). Thus, the characteristic size of the resonators and of the pores (delimited
by the interspace between the resonators) is of the order of the size ` of the period b⌦ . For simplicity, the period is assumed
to contain a single Helmholtz resonator⌦H (thus the resonators are all identical) that does not intercept the boundary @b⌦ of
the period.⌦p and⌦H denote respectively the pores domain and the volumeof the resonator andwehaveb⌦ = ⌦p[⌦H . The
concentration of resonators is c = |⌦H |/|b⌦| = 1� |⌦p|/|b⌦|, hence the porosity related to the pores volume is �p = 1� c.

2.3.1. Helmholtz resonators
The Helmholtz resonator ⌦H is made of a ‘‘chamber’’ domain e⌦ and a constricted ‘‘duct’’ domain ⌦ 0. The chamber is

delimited by an impervious rigid surface e� of negligible thickness. The duct ⌦ 0, of length `0 = O(`), constant section ⌃ ,
imperviouswall� 0, connects the chamber to the ‘‘external’’ pores⌦p. Amorphological contrast is imposed by assuming that
|⌃ |/`2 ⌧ 1. Thus, the volume of the duct |⌦ 0| = O(|⌃ |`) can be disregarded compared to that of the chamber, |⌦ 0|/|e⌦| =
O(|⌃ |/`2) ⌧ 1, and |e⌦| ⇡ |⌦H |. For better compactness of the arrangement, the duct is located inside the chamber so
that the interface between the pores and the resonator is � = e� [ ⌃ . As an example, Fig. 3 depicts a resonator made of a
spherical cavity and an internal duct.

Let us remind the ‘‘spring–mass’’ behavior of a Helmholtz resonator submitted to an external perturbation of pressure P .
Since the chamber is much larger than the duct, the volume variation in the duct is negligible compared to that in the cham-
ber. Thus, the motion u0 of the gas mass ⇢e|⌦ 0| in the duct is reasonably assumed uniform and a volume u0|⌃ | is injected
in the chamber. Hence, the resulting perturbation of pressure in the chamber reads (assuming here adiabatic compression):
eP = � Peu0|⌃ |/|e⌦|. In addition, the motioneu in the chamber is much smaller than the motion u0 in the duct since O(eu/`) =
O(eP/� Pe) = O(u0|⌃ |/|e⌦|) so that,

O(eu/u0) = |⌃ |/`2 ⌧ 1.

Finally, the mass undergoes a forceeP|⌃ |, from which we deduce the equivalent spring of the gas chamber:

k =
eP|⌃ |
u0 = � Pe|⌃ |2

|e⌦| .

Disregarding the viscous effects, themomentumbalance driving themass in the duct submitted to P andeP on its extremities
reads:

�(eP � P)|⌃ | = �⇢e!2|⌦ 0|u0, i.e., ku0 � ⇢e|⌦ 0|!2u0 = P|⌃ |.
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Consequently, the well known resonance frequency f0 = !0/2⇡ of the resonator reads:

!0 = 2⇡ f0 =
s

k
⇢e|⌦ 0| = Ce |⌃ |

p
|e⌦||⌦ 0|

= O
✓

Ce

`

p|⌃ |
`

◆
. (11)

In the following sections, this leading physics is completed in order to take into account the thermal and viscous dissipations.

2.3.2. Conditions for co-dynamic regime
Consider first the case !0 > !c , i.e. the Helmholtz resonance !0 belongs to the frequency range of inertial regime in the

pore network. Then the co-dynamic condition is naturally fulfilled. Indeed, in this case, according to ((10)–(11)) (disregard-
ing for this estimate the possible change of macroscopic wavelength around resonance; but still, the conclusion can be a
posteriori checked to be correct) and to the fact that |⌃ |/`2 ⌧ 1

⇤p(!0)

2⇡
= O

✓
Ce

p
↵p1!0

◆
= `

`p|⌃ | � `.

This inequality implies (i) that the resonance occurs at a frequency much lower than the diffraction frequency so that the
scale separation assumption is satisfied, and (ii) ensures the coexistence of local dynamics (at the resonator scale) and global
dynamics (at a scale much larger than the resonators). From the expressions of !0 and !c this situation arises for pores net-
work permeability sufficiently large to have:

Kp↵p1
`�p

⇢eCe

µ
> O

✓
`p|⌃ |

◆
= O

✓
1p
"

◆
> 1.

Now, if the resonance occurs within the viscous regime of the pore network, i.e.!0 < !c , then the co-dynamic condition
is restrictive. Indeed, the scale separation condition ⇤p(!0)/(2⇡) � ` reads in that case (see (10)):

KpPe

!0µ�p
� `2.

The specifications !0 < !c and ⇤p(!0)/(2⇡) � ` yield the following conditions for the permeability:
p

|⌃ |↵p1
�

⌧ Kp↵p1
�p

⇢eCe

µ
<

`2
p|⌃ |

that is rewritten, after dividing by ` and reminding that ↵p1/� = O(1) and
p|⌃ |/` = O(

p
"):

O
�p

"
�

⌧ Kp↵p1
`�p

⇢eCe

µ
< O

✓
1p
"

◆
.

This provides the necessary order of magnitude of the permeability to enables to reach the co-dynamic regime together
with a viscous regime in the pore network.

Kp↵p1
`�p

⇢eCe

µ
= O(1).

To sum up, both situations show that co-dynamic situations occur only when a inertial or a visco-inertial regime prevail
in the pore network. This imposes the following minimum value for the permeability

Kp↵p1
�p

� µ

⇢eCe O(`) i.e.,!0/!c � O
✓p|⌃ |

`

◆
. (12)

Conversely, if the pores network is too resistive, i.e. when the Helmholtz resonance should belong to the almost purely
viscous regime (!0/!c ⌧ 1), then this ‘‘outside resistance’’ avoids the resonance phenomenon, and consequently the ‘‘co-
dynamics’’ regime is not possible.

2.3.3. Problem at the local scale
In the pores, the duct and the chamber, the usual balance equations driving the perturbation of the pressure, of the tem-

perature, the velocity and the heat flux are those given by the set (2)–(5). However, the boundary conditions and the rescaled
equations and variables have to be specified to correctly reflect the specific regime that prevails in the different domains.
The variables are indexed by p in the pores, denoted by a prime in the duct and by a tilde in the chamber.

In the pores ⌦p, the pressure, the temperature and the velocity are expanded as:

pp(x, y) = p(0)
p (x, y) + "p(1)

p (x, y) + · · ·
✓p(x, y) = ✓ (0)

p (x, y) + "✓ (1)
p (x, y) + · · · (13)

vp(x, y) = v

(0)
p (x, y) + "v(1)

p (x, y) + · · · .
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The local physics is not modified by the resonators and the rescaling described in Eqs. (7)–(8) applies. The only modification
concerns the boundary conditions (6) on � that have to be decomposed into conditions on the impervious surface e� and
on the small duct section ⌃:

vp = 0, ✓p = 0 one� ; vp = e
v

0, pp = p0 on⌃ . (14)

The geometrical contrast between |⌃ | and `2 is expressed mathematically by setting |⌃ | = O("`2). This difference in mag-
nitude is of first importance. Indeed, even if the velocity v

0 in the duct is of the same order as the velocity in the porous
matrix, the flux qH = |qH | pulsed by the resonator at its aperture is of one order smaller than the flux qp = |qp| carried
through the pores, indeed O(qH/qp) = O(kv0k⌃ |/|vp|`2) = O(|⌃ |/`2) ⌧ 1. The fact that O(qH/qp)  O(") is consistent
with the scale separation assumption. Indeed, under long wavelength, the mean flux presents small variations O("qp) be-
tween the two extremities of the cell. By mass conservation, these variations include the flux pulsed by the resonator, that
consequently must be of one order smaller than qp, i.e. qH = O("qp).

In the duct ⌦ 0, the pressure p0, the temperature ✓ 0 and the velocity v

0 are of the same order as in the pores and are
expanded as in (13). Furthermore, we have seen (see 2.3.1) that the pressure varies at the local scale (as the shear stresses).
Consequently, when using the (x, y) variables, the terms µdiv(D(v0)) and rp0 have to be rescaled as µ(`/L)2div(D(v0)) =
µ"2

div(D(v0)) and `/Lrp0 = "rp0. Thus, the ‘‘x–y-rescaled’’ Navier–Stokes and Fourier equations take the following form
in the duct:

µ"2
div(D(v0)) � "rp0 = i!⇢e

v

0 on⌦ 0. (15)

The boundary conditions read:

v

0 = 0, ✓ 0 = 0 on� 0; v

0 =ev, p0 =ep on e⌃ . (16)

For exhaustiveness, the rescaled Fourier equation reads "2div(r✓ 0) � i!(⇢ecp✓ 0 � p0) but this equation is not involved in
the leading order resolution, and is not considered for further developments.

In the chamber e⌦ , the pressureep and the temperaturee✓ are of the same order as in the pores but the velocityev, is of one
order smaller (since O(eu/u0) = |⌃ |/`2 = O(") see previous section). Hence, the velocity is here expanded in the form:

e
v(x, y) = "ev(1)(x, y) + · · · . (17)

In the chamber, the pressure is quasi-uniform while the shear stresses vary at the local scale. Consequently, the terms
µdiv(D(ev)) and div(re✓) are rescaled as µ"2

div(D(ev)) and "2div(re✓). Hence, the ‘‘x–y-rescaled’’ Navier–Stokes and
Fourier equations together with the boundary conditions are:

µ"2
div(D(ev)) � rep � i!⇢ee

v = 0 on e⌦ (18)

"2div(re✓) � i!(⇢ecpe✓ �ep) = 0 on e⌦ (19)

e
v = 0, e✓ = 0 on� 0. (20)

Remark. The boundary conditions between the pores, duct and chamber are expressed on the sections of the duct at its
extremities ⌃ and e⌃ . Other shapes of virtual surfaces delimiting the duct – for instance hemispheric boundaries – could
have been chosen, provided that their surface remain of the same order as the duct section. Hence, since ⌃ = O(")`2,
this relative arbitrariness modifies the determination of the microscopic response fields at the "-order only, cf. [11], and
then can be disregarded for a leading order description. Besides, the modeling could be improved by introducing matched
asymptotics to address the field transitions between the different domains.

2.3.4. Main steps of the up-scaling
The homogenization process applied to this local description can be summarized as follows. As for impervious grains,

the pore pressure varies at the macroscale i.e. p(0)
p (x, y) = P (0)(x). Then, at the next order, since the flux q(1)

H induced by
the resonators is of one order smaller than that in the pores q(0)

p , the dynamic flow around the resonators under the forced
macroscopic pressure gradient is, at the leading order, the same as if the Helmholtz resonatorwere impervious. For the same
reason the heat flux imposed by the resonator is negligible at the leading order. Thus, we are left with the usual derivation of
the dynamic permeability and the effective compressibility, with identical problems as that encountered with impervious grains.
Consequently the dynamic Darcy’s law and the effective compressibility of the gas in the pores take the classic forms. The
next step consists in establishing themass balance of thewhole period. At this order, themass flux q(1)

H due to the resonators
appears as an additional source term that does not exist in the conventional situation where the grains are impervious.

This source term is determined by the resolution in the resonators: at the leading order the pressureeP (0) in the chamber
is shown to be uniform, and is related to the flux q(1)

H through the mass balance in the whole chamber

� q(1)
H + i!eP (0) 1 � e⇧(!)

Pe |e⌦| = 0. (21)
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In this expression, e⇧(!) is the ‘‘thermal function’’ of the chamber that accounts for the non uniform density due to heat
transfer in the gas in contact with the isothermal solid interface � . e⇧(!) presents the same properties as ⇧p(!), i.e. 1� e⇧
! 1 at low frequency and 1� e⇧ ! 1/� at high frequency. In the meantime, the flow in the duct is driven by the pressure
differenceeP (0) � P (0) between its two extremities and the velocity can be expressed in the form:

v

0(0)(x, y) = �⇣(!, y)

i!⇢e

eP (0) � P (0)

`0 .

Consequently, the mean flux q(1)
H reads:

q(1)
H =

Z

⌃

v

0(0).nds = � |⌃ |
i!⇢e⌧ 0(!)

eP (0) � P (0)

`0 (22)

where ⌧ 0(!) is the dynamic tortuosity of the duct defined by:

⌧ 0(!) =


1
|⌃ |

Z

⌃

⇣(!, y).nds
��1

.

Finally, equating expressions (21) and (22), eliminatingeP (0), and assuming straight ducts (i.e. |⌦ 0| = |⌃ |`0), the flux q(1)
H

due to the resonators is related to the pores pressure P (0) through the resonator transfer function, namely

q(1)
H = i!

P (0)

Pe

1 � e⇧(!)

1 � (!/!0)2⌧ 0(!)
|e⌦|.

2.3.5. Unconventional poro-acoustics
Finally, at the leading order, the driving set of equations for a concentration c of resonators (and an inter-resonator

porosity �p = 1 � c) reads where V is the integral of the velocity in the pores, divided by the total cell volume and P is the
pore pressure:

div(V) + i!
P
Pe

✓
(1 � c)(1 � ⇧p(!)) + c

1 � e⇧(!)

1 � (!/!0)2⌧ 0(!)

◆
= 0 (23)

V = �Kp(!)

µ
rP. (24)

This set constitutes the macroscopic description, where the involved variables and derivative are all defined according to
themacroscopic space variable, and themacroscopic parameters are deduced from the knowledge of themicrostructure. As
the flux pulsed by the resonator is one order smaller than the flux in the pores, the dynamic permeability and the effective
compressibility of the gas in the pores are identical as those corresponding to impervious grains. This formulation accounts
for the co-dynamic regime in the media, with the simultaneous occurrence of macroscopic wavelength and local dynamics
in the resonator.

Two distinct pressure fields are present at the period scale, P = P (0) that ‘‘carries’’ the macroscopic wave, andeP (0) de-
veloped in the resonator as forced response to P (0). Conversely to conventional media, and as already observed in double
porositymedia [7], the governingmacroscopic variable P is not themean pressure in thewhole gas volume, but the pressure
in the pore volume only. Note however, that as in conventional media, the macroscopic Poynting vector PV at the leading
order is the mean of the local Poynting vector pv. Indeed

Z

⌦p[⌦h

pvd⌦ =
Z

⌦p

ppvpd⌦ +
Z

e⌦
epevd⌦ +

Z

⌦ 0
p0
v

0d⌦

and since (i) the fluxev is of one order smaller in the chamber than in the pores and (ii) the duct volume ⌦ 0 is of one order
smaller than the cell volume, we have:

"
1
b⌦

Z

⌦p[⌦h

pvd⌦

#(0)

= 1
b⌦

Z

⌦p

P (0)
v

(0)d⌦ = P
1
b⌦

Z

⌦p

v

(0)d⌦ = PV.

These two observations are consistent with the non local theory developed in [12] and it is easy to check that they apply
systematically in the different non-conventional models presented in the sequel.

The comparison with the conventional poro-acoustic shows that the resonators does not modify the effective dynamic
permeability while the effective bulk modulus is significantly changed as detailed here-below and shown later experimen-
tally.

The key effect of the resonator lies in the unconventional effective bulk modulus E(!) of the gas that reads:

E(!) = Pe
✓

(1 � c)(1 � ⇧p(!)) + c
1 � e⇧(!)

1 � (!/!0)2⌧ 0(!)

◆�1

(25)
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or equivalently:

E(!) =
✓
1 � c
Ep

+ c
EH

◆�1

; Ep(!) = Pe

1 � ⇧p(!)
; EH(!) = Pe 1 � (!/!0)

2⌧ 0(!)

1 � e⇧(!)
.

The geometricmean involved in this formulation discloses an association in series of (i) the effective gas stiffness in the pores
Ep and of (ii) the apparent stiffness EH of the resonator, each being weighted by the volume ratio of its respective domain.
The atypical feature is clearly evidenced when disregarding the viscous dissipation effects and considering adiabatic regime
so that:

E(!) ⇡ Eadiab(!) = � Pe
✓

(1 � c) + c
1 � (!/!0)2

◆�1

meaning that the apparent stiffness associated to the resonator is negative for ! > !0, and, in turn, the effective bulk
modulus is negative in the ‘‘atypical band’’ [!0, !

⇤
0], where

!⇤
0 = !0

r
1 + c

1 � c
and Eadiab(!0) = 0; Eadiab(!⇤±

0 ) = ±1.

Even if the dissipation tends to regularize the behavior (absolute values are never zero nor infinite), a strong effect of the res-
onator remains and drastic changes in the global behavior occurs as observed experimentally and numerically in Section 4.

2.4. Porous media with embedded resonators

In this section, the resonator packing is identical as in the previous section, but the interspace is now occupied by a rigid
porous matrix of porosity �m. Hence, the period b⌦ contains the porous matrix domain ⌦m and the resonator ⌦H . The con-
centration of resonators is c = |⌦H |/|b⌦| = 1� |⌦m|/|b⌦|. The pores of the matrix are assumed much smaller than `. Thus,
at the period scale, the matrix is regarded as an equivalent homogeneous medium, described by the usual poro-acoustics.
For a detailed analysis of this situation the reader can refer to [11].

2.4.1. Formulation of the problem at the local scale
In the porous matrix ⌦m, the governing equations are that of a conventional porous medium, as given in Section 2.2.2,

except that the variables and parameters are now indexed by m. For simplicity, the matrix is assumed isotropic and the
dynamic permeability tensor and dynamic tortuosity tensor reduce to the scalar functions Km and ⌧m = µ�m/(i!⇢eKm).
Now, the mean velocity varies at the period scale in order to match the boundary conditions on the interface � with the
resonator. These latter are impervious condition on e� and continuity of flux and pressure on the small surface ⌃ . Thus, the
description in the porous matrix ⌦m reads, where vm, is the Darcy velocity, i.e. the mean velocity in the pores of the matrix,
times the matrix porosity �m:

div(vm) + i!
p
Pe �m(1 � ⇧m) = 0 (26)

vm = �Km

µ
· rpm (27)

vm · n = 0 one� ; vm · n = v

0 · n, pm = p0 on⌃ (28)

vm, pm, b⌦-periodic. (29)
Because of the scale separation, the pressure and volume variation vary at the macroscale (i.e. long wavelength scale). Con-
sequently, these equations do not need to be rescaled when re-expressed with the double (x, y) variable system, since L
is the reference length. As in the previous case, the fact that |⌃ | = O("`2) = O("|� |), imposes that the flux pulsed by
the resonator is one order smaller than the flux carried through the matrix. Hence, the relative order of magnitude in the
different domains are preserved and the variables pm and vm in the porous matrix are expanded as in (13).

In the Helmholtz resonator ⌦H , the local description is identical to that given in Section 2.3.3.

2.4.2. Overview of the up-scaling process
Accordinglywith the scale separation, one first shows that the pore pressure varies at themacroscopic scale, i.e. p(0)

m (x, y)
= P (0)(x). Then, as the flux induced by the resonators is of one order smaller than that of the pores, it is not involved in the
determination of the flux at the leading order. Hence, one obtains a periodic local problem of conduction, where the matrix
is characterized by its dynamic permeability and the resonators appear as impervious. This leads to a macroscopic dynamic
Darcy’s law, where the effective permeability is that of thematrix corrected by a real and dimensionless ‘‘shape’’ tensor. This
latter tensor is nothing but the inverse of the tortuosity tensor of thematrix domain, see [11], and reduces to a scalar Am < 1
in the case of macroscopic isotropy. The next step consists in deriving the mass balance. The flux due to the resonators ap-
pears as an additional source term (determined as in absence of the porous matrix) that adds up with the conventional
compressibility term due the porous matrix.
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2.4.3. Macroscopic description
In summary, at the leading order, and in the isotropic case, the macroscopic description is given by the set of equations

(remind that 1 � c = |⌦|H/|b⌦|), valid up to a precision ":

div(V) + i!
P
Pe

✓
(1 � c)�m(1 � ⇧m(!)) + c

1 � e⇧(!)

1 � (!/!0)2⌧ 0(!)

◆
= 0 (30)

V = �AmKm(!)

µ
rP. (31)

HereV is the integral of the velocity in thematrix domain, divided by the total cell volume and P is the pressure in thematrix.
This description is very similar to that established in absence of porous matrix. The only difference lies in the effective per-
meability and in the contribution to the effective bulk modulus inherited from the matrix. The same qualitative comments
on the particular feature of such media still applies. From classic results on conduction in heterogeneous media [21], or on
tortuosity [22], we necessarily have Am < 1 � c , i.e, the effective permeability is reduced compared to that of the matrix.
Further, for resonators in a concentration c  1/3, Am can be assessed accurately by Am ⇡ 2(1 � c)/(2 + c).

2.5. Several possible extensions

Several othermorphological options can lead to inner resonance.Whatever the case, the resonator design should be such
that the resonating effect induces a small flux (on average on the period) compared to the macroscopic flux.

2.5.1. Multiple inner resonators
Instead of having a single type of oscillator, the periodmay contains several different oscillators, or additional impervious

inclusions (of the same magnitude as the size of the resonator). For instance:

– if the medium is made of two types of Helmholtz resonators (indexed by 1, 2, in concentration c1 and c2, c1 + c2 = c),
the mass balance (30) will be replaced by

div(V) + i!
P
Pe

✓
(1 � c)(1 � ⇧p(!)) + c1

1 � e⇧1(!)

1 � (!/!01)2⌧
0
1(!)

+ c2
1 � e⇧2(!)

1 � (!/!02)2⌧
0
2(!)

◆
= 0

– if the medium is made of a single type of Helmholtz resonator in concentration cH = |⌦H |/|b⌦| and impervious grains
in concentration cg = |⌦g |/|b⌦|, the porosity related to the pores is now �p = 1 � (cH + cg) and the mass balance (30)
becomes

div(V) + i!
P
Pe

✓
(1 � (cH + cg))(1 � ⇧p(!)) + cH

1 � e⇧(!)

1 � (!/!0)2⌧ 0(!)

◆
= 0.

More generally, if we have in a period (with or without porous matrix) N resonators (indexed by i) tuned at different
frequencies, the effective bulk modulus becomes:

E(!) =
 
1 � �p

Ep
+

NX

i=1

ci
Ei

!�1

(32)

where Ep is the apparent bulk modulus of the inter-resonator pore space (of porosity �p = 1�PN
i=1 ci), and Ei the apparent

bulk modulus of the each type of resonator (E = 1 for impervious grains). In all these cases, the dynamic permeability at
the leading order, see (24), will be the same as if all ‘‘grains’’ were impervious. In these different configurations, the global
effect is expected to be visible on frequency bands of influence of each resonator considered independently.

2.5.2. Other type of resonators
The geometry can be changed to enhance the dissipation. For example, the single straight duct � 0 can be replaced by

several straight ducts of smaller diameters but identical lengths. This will change the apparent duct dynamic tortuosity
⌧ 0(!) and increase the viscous dissipation with (almost) no change in the fundamental eigen frequency of the resonator.
Higher dissipation could also be achieved by filling the duct with porous media. For a straight duct, this results in replacing
⌧ 0(!) by ⌧ 0⇤(!)/�0 where ⌧ 0⇤(!) and �0 are the dynamic tortuosity and porosity of the media filling the duct. Instead of the
‘‘spring–mass’’ resonance of Helmholtz resonators, one may also consider quarter wavelength resonators. In a frequency
range such that the length of the resonating tube Lr matches the quarter wavelength of the acoustic wave, a resonance
occurs. Nevertheless, to ensure the scale separation necessary for the co-dynamic regime, the size of the resonating domain
should bemuch smaller than thewavelength. This implies to rearrange the tube in a compact domain⌦r of characteristic size
`, for instance bywrapping the tube (see Fig. 4). As a consequence the tube section� = ⌦r/Lr should be of one order smaller
than the period size, i.e. � = O(`3/⇤) = O("`2), which corresponds to the scaling of the Helmholtz resonator aperture.



86 C. Boutin, F.X. Becot / Wave Motion 54 (2015) 76–99

Fig. 4. Illustration 2D of wrapped quarter wavelength resonator enabling the scale separation of phenomena.

Disregarding the slight dissipation effects and the curved geometry, the pulsed flux of this device is that of a straight tube:

q(1)
r = iP (0) �

⇢eCe tan
✓

⇡

2
!

!0r

◆
with !0r = ⇡

2
Ce

Lr
.

Then the mass balance of this arrangement of compacted quarter wavelength resonators, in concentration c = |⌦r |/|b⌦|,
reads:

div(V) + i!
P
Pe

✓
(1 � c)(1 � ⇧p(!)) + c

�

2
⇡

!0r

!
tan

✓
⇡

2
!

!0r

◆◆
= 0.

Similarly to the ‘‘spring–mass’’ behavior, we observe that the effective bulk modulus may be negative in frequency range(s)
close to the inner resonance(s). Indeed, considering adiabatic regime, in the vicinity of !0r the bulk modulus of the medium
can be approximated by:

� Pe

1 � c + 2

⇡

c
1 � !/!0r

��1

.

Consequently, the atypical band of a negative effective modulus is [!0r , !
⇤
0r ], where

!⇤
0r = !0r

✓
1 + 2c

⇡(1 � c)

◆
. (33)

This description also applies to media with ‘‘dead-end pores’’ [23] provided that the above geometrical requirements are
fulfilled.

Besides elasto-inertial resonance with weak dissipation one may also consider ‘‘visco-inertial resonance’’. An example is
the double porosity media [7,8,24], that can be realized by replacing impervious grains by microporous grains (of volume
⌦µ, boundary �µ and internal porosity �µ) having an intrinsic permeability Kµ much smaller than that of the interstitial
pore network. In this case, a dynamic regime of pressure diffusion arises, governed by the gas compressibility, the micro-
permeability of the grains and their size. Here again the dynamic effective permeability is kept unchanged, but the mass
balance is replaced by:

div(V) + i!
P
Pe

✓
(1 � c)(1 � ⇧p(!)) + c�µFd

✓
!

!d

◆◆
= 0.

As mentioned in [7], the characteristic diffusion frequency !d and the function Fd can be approximated under the generic
form (see [25]) where Ld = ⌦µ/�µ and M is a geometric form factor O(1):

!d = PeKg

µ�µL2d
; Fd(x) = 1 � ix

ix + p
1 + ixM/2

.

Conversely to elasto-inertial case, the visco-inertial diffusion function does not exhibit any poles in the real frequency axis.
Consequently, in the vicinity of the diffusion frequency !d, the effective bulk modulus is mostly changed in its imaginary
part and no atypical band of negative effective bulk modulus appear.

2.5.3. Non periodic distribution
The assumption of periodicity is not a strict requirement for the distribution of resonators. Indeed, when a separation of

scales exists, i.e. for longwavelengths, periodicmaterials andnon-periodicmaterialswith ERV showmacroscopic behavior of
the samenature [15]. Therefore, a similar homogenized description applies if the resonators are non-periodically distributed.
However, the local solution is not reducible to awell-defined problem on a periodic cell andmay only be solved numerically.
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2.6. Features of conventional and non-conventional wave propagation

2.6.1. Generic formulation and acoustic wave parameters
Both conventional and unconventional models can be formulated in the generic form:

div(V) + i!
P

E(!)
= 0 (34)

V = �K(!)

µ
rP = � 1

i!D(!)
rP.

The difference between themodels lies in the specific form taken by the effective bulkmodulus E(!), dynamic permeability
K(!) (or apparent density D(!)). Eliminating the flux V gives the wave equation:

E(!)�P + !2D(!)P = 0. (35)

Considering an harmonic plane wave P = P0 exp[i(!t � k(!)x)], we deduce the complex and frequency dependent wave
number k(!) and wave velocity C(!) = !

k(!)
. The dimensionless wave number k⇤ and wave velocity C⇤ normalized by the

air characteristics are

C⇤(!) = C(!)

Cair
= kair

k⇤(!)
=
s

E(!)

D(!)

⇢e

� Pe .

The characteristic impedance Z of the medium and its dimensionless value Z⇤ normalized by the air impedance Zair are
respectively defined as

Z(!) = P
V

= R(!)C(!) =
p
E(!)D(!); Z⇤(!) = Z(!)

Zair
=
s

E(!)D(!)

� Pe⇢e .

At the interface between two media one defines the surface impedance as Zs = P/V |interface. For waves of normal incidence,
in the usual situation where the medium is a plane layer of thickness d in contact with a rigid impervious wall, a standard
calculus yields

Zs = �iZ(!) cot(k(!)d).

Now for a plane wave propagating in air at normal incidence, the ratio of the reflected to incident pressure amplitude is
given by the reflection coefficient, classically expressed as:

R(!) = Zs � Zair
Zs + Zair

= �iZ⇤ cot(kd) � 1
�iZ⇤ cot(kd) + 1

and the absorption coefficient at normal incidence, that assesses the energy absorbed compared to the incident energy
reads:

A(!) = 1 � |R|2 = 2Im(Z⇤ cot(kd))
| � iZ⇤ cot(kd) + 1|2 ; 0  A(!)  1.

For non-dissipative materials the wave number and impedance are real, |R| = 1, and the absorption is null. For weakly
dissipative materials, the characteristic impedance presents a weak imaginary and varies slowly with the frequency. Then,
the frequency variation of the absorption are mainly governed by the term cot(kd), and the frequency range of maximum of
A occurs around the minimum of |� iZ⇤ cot(kd)+ 1|2. Because of the weak imaginary parts, the first minimum of this latter
occurs in the vicinity of Re(k)d = ⇡/2. Hence, the maximum of absorption (of weak value) is expected in a frequency range
close to the quarter wavelength resonance. Conversely, for highly dissipative (and dispersive) materials, the absorptionmay
be close to 1, in the frequency range where Z⇤ cot(kd) is close to i.

2.6.2. Reference case: conventional porous media
The above expressions applied to a conventional porous medium, give the dimensionless sound velocity C⇤

c (!):

C⇤
c (!) =

s
1

⌧p� (1 � ⇧p)
=
s

i!Kp

⇢eµ�p� (1 � ⇧p)
.

At low frequencies, the flow is governed by the viscosity then, Kp ! Kp, the real-valued intrinsic permeability ; and the
perturbation is quasi-isotherm i.e. 1 � ⇧p ! 1. The acoustic waves tends to damped diffusive waves:

C⇤
c (!) !

s
i!Kp

⇢eµ�p�
; Im(C⇤

c )

Re(C⇤
c )

= tan(Arg(C⇤
c )) ! 1.
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At high frequencies, the flow is governed by the inertia then the dynamic tortuosity tends to its real high frequency limit
⌧p ! ↵p1 ; and the perturbation is quasi-adiabatic thus 1 � ⇧p ! 1/� . The waves tends to weakly damped elastic waves:

C⇤
c (!) ! 1

p
↵p1

; Im(C⇤
c )

Re(C⇤
c )

= tan(Arg(C⇤
c )) ! 0.

2.6.3. Inner resonance porous media: atypical dispersion and band gaps
The specificity of inner resonance media lies in the fact that, in absence of dissipation, the effective bulk modulus van-

ishes at the resonator eigen frequency !0, presents a singularity (pole) at !⇤
0 and takes on negative values in the atypical

frequency band [!0, !
⇤
0]. This induces unusual properties that require a particular attention. For media made of resonators,

(respectively made of resonators embedded in a porous matrix) the dimensionless sound velocity C⇤
H(!) (resp. C⇤

m(!)) is
expressed as:

C⇤
H(!) =

s
1 � c

⌧p(!)�

✓
(1 � c)[1 � ⇧p(!)] + c

1 � e⇧(!)

1 � (!/!0)2⌧ 0(!)

◆�1

C⇤
m(!) =

s
A�m

⌧m(!)�

✓
(1 � c)�m[1 � ⇧m(!)] + c

1 � e⇧(!)

1 � (!/!0)2⌧ 0(!)

◆�1

.

Because of the similarity of both expressions, we focus in the sequel on the media made of resonators. However similar
conclusions may be drawn for resonators in a porous matrix, see [11]. Far from the resonance, C⇤

H(!) presents the behavior
of conventional media. The parameters of these conventional media will however not be the same in the LF and HF limits,
indeed:

when !/!0 ⌧ 1, C⇤
H(!) ⇡

s
1

⌧p(!)�

1 � c
(1 � c)[1 � ⇧p(!)] + c[1 � e⇧(!)] (36)

when !/!0 � 1, C⇤
H(!) ⇡

s
1

⌧p(!)�

1
(1 � ⇧p(!))

(37)

which indicates that at frequency lower than the resonance, the whole gas of the chamber participate to the effective stiff-
ness, while at frequencies higher than the resonance, the behavior is the same as if the resonators were impervious.

Now, around the atypical frequency band, it is convenient to rewrite C⇤
H(!) in the form:

C⇤
H(!) = C⇤

c (!)
q
1 + c

1�c
1�e⇧(!)
1�⇧p(!)

1
1�(!/!0)2⌧ 0(!)

where the term under the root is the corrector factor compared to the conventional porous media, i.e. corresponding to
impervious resonators. An exact analysis of this factor is difficult because of the complex values of the thermal functions.
However, as the size of the pores and of the resonators are of the same order, the ratio 1�e⇧(!)

1�⇧p(!)
is in practice very close

to 1. Moreover, setting this ratio to 1 would be exact in adiabatic regime where the thermal exchanges are negligible,
i.e. 1�⇧ ⇡ 1/� . Thus the main features can be evidenced on the ‘approximated’ velocity indexed by a that takes the form:

C⇤a
H (!) = C⇤

c (!)

s✓
1 + c

1 � c
1

1 � (!/!0)2⌧ 0(!)

◆�1

.

For frequency out of the atypical band, i.e. ! 62 [!0, !
⇤
0], if the resonator dissipation is negligible, ⌧ 0(!) ⇡ 1, the effective

stiffness is real positive, and we simply have:

C⇤a
H (!) ⇡ C⇤

c (!)

s✓
1 + c

1 � c
1

1 � (!/!0)2

◆�1

; Arg(C⇤a
H ) ⇡ Arg(C⇤

c ).

The nature of the waves (more or less attenuated or oscillating) defined by Arg(C(!)) is (quasi)-identical to that of the con-
ventional poro-acousticwaves thatwould exist if the resonatorswere impervious. However, in comparisonwith impervious
grains, the effect of resonators is to decrease (resp. increase) the velocity and thewavelength for 0  !  !0 (resp.! � !⇤

0).
This induces a large dispersion of the velocity as evidenced by the approximated values, C⇤a

H (!0) = 0 and |C⇤a
H (!⇤±

0 )| = 1.
In reality, these singular values and/or abrupt variations at !0 and !⇤

0 are regularized by the weak dissipation brought by
the resonator. This will be evidenced by the simulations and the experiments presented in Section 3.

For frequency in the atypical band, i.e. ! 62 [!0, !
⇤
0], considering undamped resonators (taking ⌧ 0(!) = 1) the effective

bulk modulus takes on real negative values. Thus

C⇤a
H (!) ⇡ iC⇤

c (!)

s����1 + c
1 � c

1
1 � (!/!0)2

����
�1

; Arg(C⇤a
H ) ⇡ Arg(C⇤

c ) + ⇡/2.
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The ⇡/2-jump of Arg(C⇤a
H ) in the atypical band modifies drastically the nature of the wave. Indeed, as 0  Arg(C⇤

c )  ⇡/4
then ⇡/2  Arg(C⇤a

H )  5⇡/4. Consequently the wave is over-damped and confined in boundary layers of characteristic
size ⇤ = |Cc(!)|(2⇡/!). This means that the atypical band is in fact a band gap of the media.

The differences of velocity between conventional and unconventional media are transferred on the characteristic
impedances, since, as KH = Kc ,

Z⇤
H(!)

Z⇤
c (!)

= C⇤
H(!)

C⇤
c (!)

.

The difference on the surface impedances are even more enhanced due to the cot(k(!)d) term. Thus significant modifica-
tions have to be expected in the reflection and absorption properties within and around the band gap of the media.

Remark. Conversely to conventionalwaveswhere progressive phase is associatedwith attenuation, in the atypical band, the
phase velocity is negative (regressive phase) alongwith the fact that thewave is attenuated. This feature has beenmentioned
in [26]. This means that for media exhibiting a negative effective bulk modulus, the energetic consistency imposes that the
direction of propagation is determined by the direction of attenuation instead of the direction of progressive phase.

3. Prototypes and experiments

3.1. Design of prototypes

To evidence the unconventional effects described by the theory, we realized several prototypes of porous media with
inner resonance. In this view, we have build the three types of materials investigated theoretically, all realized with a
common generic structure, namely:
– conventional media (Section 2.2) constituted by a packing of impervious hollow spheres,
– media with resonators (Section 2.3), made of the same sphere packing, however the spheres are perforated and inner

ducts are positioned,
– porousmatrixwith embedded resonators (Section 2.4), realized by filling the inter-sphere pores of the previous prototype

by a granular medium having a characteristic size smaller than the spheres.
To highlight the differences between conventional and unconventional media we design the resonators in such a way

that their resonance occurs in the frequency range 100–500 Hz where the conventional materials are not efficient for sound
absorption. In addition the granular medium has been chosen so that the co-dynamic condition is fulfilled.

For different practical reasons, the radius of the spheres is 20 mm, which enables hand-made Helmholtz resonators with
convenient size of the inner duct. For simplicity also, the porous matrix embedding the resonators has been made of rice
grains. The design of the arrangement has been guided by the 100mmdiameter of the Kundt’s tube used for the experiments.
The details of the design are described hereafter.

3.1.1. Sphere packing
The common generic structure is made of four layers of hollow spheres (impervious or resonating) each having a radius

R = 20 mm. Each layer, is composed of four spheres symmetrically arranged around a 10 mm radius impervious cylinder
to reach the 100 mm diameter required by the experimental setup. On two successive layers, the spheres are shifted by an
angle of ⇡/4 to reach the maximum possible compaction. With this common structure made of 16 spheres, all the tested
samples are cylindrical samples of 100 mm diameter and 138 mm thick, and consist of two periods. The arrangement is
shown in Fig. 5. The porosity of the inter-sphere pore network is calculated as:

1 � �p = 16(4⇡/3)23 + ⇡13.8
⇡5213.8

i.e. �p = 0.47.

The pore geometry defined by this regular packing, can be assimilated to a cubic centered array of spheres having the same
porosity, as studied in [22]. According to this work, the intrinsic permeability and the tortuosity can be assessed from self
consistent analytical expressions:

Kp ⇡ R2
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775 = 3.7 10�6 m2; ↵p1 ⇡ 3 � �p

2
= 1.27.

From these values the critical frequency of the pore network is

fc ⇡ 1
2⇡

�pµ

Kp⇢e↵p1
= 0.24 Hz.

Thus, in the frequency range of usability of the Kundt’s tube, namely 50–1900 Hz, the porous network is in inertial regime.
Then, according to the analysis of Section 2.3.2, the co-dynamic condition will be necessarily satisfied if impervious spheres
are replaced by resonators of eigenfrequency f0 = !0/(2⇡) falling in the range between 100 and 500 Hz.



90 C. Boutin, F.X. Becot / Wave Motion 54 (2015) 76–99

Fig. 5. Sphere packing (138mmhigh) common to thewhole tested configurations described in Table 1. Central cylinder is imperviouswhile spheresmight
be impervious hollow spheres (M1) or resonators (M2, M3, M5) or both (M4). The inter-spheres space might be occupied either by air (M1–M5) or filled
by a granular media (M6). Left: design of prototype, middle: a prototype, right: Cut of the two types of Helmholtz resonators.

Since waves propagate when the pores network behaves in inertial regime, the diffraction frequency associated to the
sphere packing defined by ⇤p(!d)

2⇡ ⇡ 2R can be assessed by the high frequency velocity estimate. Then,

⇤p(!d)

2⇡
⇡ 1

2⇡ fd

Ce

p
↵p1

⇡ 2R gives fd ⇡ 1200 Hz.

Consequently, below fd/2 = 600 Hz, the diffraction effects can be disregarded, while small perturbations due to diffraction
can be expected in the range of [600–1000] Hz. Now, above this range, the diffraction plays a determining role [27], and the
present macroscopic modeling becomes irrelevant. For this reason all the experimental and simulated results are displayed
in the [50–1000] Hz range.

3.1.2. Helmholtz resonators
The geometry of the resonators is that described in Fig. 3. Denoting the radius of the duct by ↵R, the frequency of reso-

nance given by (11) is rewritten

f0 = Ce |⌃ |
2⇡
p

|e⌦||⌦ 0|
= Ce

p
3

4⇡
↵p
R`0 .

A series of resonators tuned at two different frequencies have been realized by perforating the hollow spheres and inserting
a duct of `0 = 15 mm length and of radius ↵1R = 0.9 mm or ↵2R = 2.3 mm, see Fig. 5. In both cases the duct section
satisfies the condition |⌃ |/R2  1.5% ⌧ 1. The corresponding frequencies for the tubes of small and larger section are
assessed respectively at 123 Hz and 314 Hz.

In reality these design values should (slightly) overestimate the actual values. In fact, since the velocity in the duct differ
from that in the chamber and in the pores, there is a transition zone in the vicinity of the duct apertures which enables
the matching of both fields. In practice, it is known that this region is of the order of the radius of the duct (which therefore
presents an effective length slightly longer than its actual length). For design purposes, this effect can be disregarded. Indeed
if instead of `0 we consider an apparent additional length on both extremities i.e. `0 + 2↵R the assessed frequencies would
becomes 115 and 272 Hz.

With these dimensions one can check that the viscosity effect on the moving mass in the duct is not significant in the
range of the resonant frequency. Indeed, the gas flow is governed by inertia when angular frequencies are significantly
higher than the critical visco-inertial frequency f 0

c of the duct. This latter reads classically f 0
c = 8µ/(2⇡⇢e(↵R)2). Thus, at

the resonant frequency:

f0
f 0
c

= Ce⇢e

µ

p
3

16
↵3R

r
R
`0 ⇡ 2.4 ⇥ 106↵3R

r
R
`0 .

For the resonators tuned at 123 and 314 Hz, we have respectively f0 ⇡ 5 ⇥ f 0
c and f0 ⇡ 85 ⇥ f 0

c , that indicates in any
cases a weak viscous dissipation and dominant effects of inertia in the ducts, (with much lower dissipation for the 314 Hz-
resonator). Hence, the exact expression of ⌧ 0(!) that involves Bessel functions [28,29] can be approximated by ⌧ 0(!) ⇡
1 + 1/

p
2i!/!0

c .

3.1.3. Hosting porous matrix
The porousmatrix embedding the resonators is constituted by grains of rice cautiously showered on the sphere packing to

fill thewhole interstitial space around the spheres. The oblong rice grain form, of about 3mm long, avoids the penetration of
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Table 1

Testedmaterials ; ‘‘Imp’’ stands for impervious spheres. All configurations are based on the sphere
packing depicted in Fig. 5 with the same thickness of 138 mm.

Material Spheres Host ↵R (mm) c �

M1 Imp. Air – 0 �p = 0.47
M2 @123 Hz Air 0.9 0.53 �p = 0.47
M3 @314 Hz Air 2.3 0.53 �p = 0.47
M4 Imp. + @314 Hz Air 2.3 – ; 0.265 �p = 0.47
M5 @123 Hz + @314 Hz Air 0.9/2.3 0.265 ; 0.265 �p = 0.47
M6 @314 Hz Porous 2.3 0.53 �m = 0.40

the grains into the resonators. The grain radius is approximately 1mm,much smaller than the sphere radius. So the granular
filling appears as a continuous porous medium at the scale of the spheres. From simple density measurements the porosity
of the matrix is assessed to be �m = 0.40. In order to check the feasibility, rough assessments of the matrix permeability,
tortuosity and critical frequency are given by the self consistent estimates, (using the grain radius despite the oblong form
of grain, to better account for the inter-grain pore size). This yields:

Km ⇡ 2.9 10�8 m2; ↵m1 ⇡ 1.3; fcm ⇡ 1
2⇡

�mµ

Km⇢e↵m1
= 30 Hz.

Hence, for frequencies between 100 and 500 Hz, the porous matrix should behave in inertial regime and the co-dynamic
condition (Section 2.3.2) is fulfilled. Nevertheless, this conclusion is based on rough estimates and have to be checked
experimentally. More generally the basic parameters of the three constituents will be reevaluated independently from the
measurements (Section 4.1).

3.2. Configurations and experiments

Using the above designed constituents, six different configurations corresponding to a conventional porous medium
and 5 meta-porous media were tested, namely: the stack of impervious spheres (M1), stacks of resonators tuned at two
different frequencies (M2–M3), a stack of resonators mixed with impervious spheres (M4), a stack of mixed resonators at
two different frequencies (M5) and a stack of resonators embedded in a porous medium (M6). The materials were filled
with air at ambient temperature, pressure and humidity conditions. These configurations are listed in Table 1. A series of
experimental tests have been carried out on the different materials, with three main objectives:

– to determine experimentally the actual acoustic parameters of the two conventional media, i.e. impervious sphere
packing and porous matrix, that enables comparisons with unconventional media,

– to provide measurements of the dynamic permeability and of the effective bulk modulus in both conventional and non
conventional media, in order verify the actual influence of the inner resonance on both parameters. These two quantities
also enable computing the anomalous dispersion of sound velocity and attenuation,

– to evidence the atypical sound absorption properties and to check themodel validity by comparingmeasured data against
simulated results.

These issues are addressed through two types of measurements performed at ambient conditions of pressure, temperature
and humidity, with the Kundt’s tube facilities (100 mm diameter) available at the laboratory of ENTPE.

Surface properties have been measured according to the procedure recommended in ISO 10534-2 [30]. This has the
advantage to correspond to well controlled test conditions and to allow for small size samples to be tested in the wide
frequency range [50–1900] Hz. Due to the perturbations induced by diffraction, only measurements up to 1000 Hz are pre-
sented and discussed. Hence, reflection coefficient, surface impedance and sound absorption coefficient at normal incidence
were retrieved.

In addition to these surface properties, the intrinsic characteristics of the soundwave propagationweremeasured follow-
ing the procedure described in [31,32]. According to this work, a third microphone is mounted flush in the rigid termination
in order to determine the acoustic energy which is transmitted through the tested material. In the present experiments,
a length corresponding approximately to the tube diameter was set between the rear side of the material and the rigid
termination to ensure that a plane wave behavior is recovered at the third microphone position. Using this procedure, the
dynamic permeability (and the effective mass density) as well as the effective bulk modulus were determined.

4. Results: experiments versus theory

4.1. Parameters of the conventional porous media

In view of performing numerical simulations of the inner resonance media with relevant parameters, the acoustic prop-
erties of the two conventional porous media (impervious spheres packing and rice grain porous media) were measured. In
Fig. 6, the measured sound absorption is compared to simulation obtained by matching the four parameters (the porosity
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Fig. 6. Sound absorption coefficient of the impervious spheres packing (Fig. 5, material M1 thickness of 138 mm) at ambient conditions of temperature
and pressure. Measurements (tick line) and simulation (dashed line) with matched parameters (Color online).

is known) of the Johnson–Champoux–Allard model [25,18]. These parameters have been adjusted based on the prior self-
consistent estimations derived in Section 3.1.1. The permeability and tortuosity values used in the present simulation were
respectively 2.3 ⇥ 10�6 m2 and 1.4 compared to respectively 3.5 ⇥ 10�6 m2 and 1.3 previously estimated. The viscous
and thermal characteristic lengths were set according to the pores geometry, namely the smallest and largest characteristic
dimensions of the stack 3 mm and 10 mm. With these values, a good correspondence with the measured data of sound
absorption is achieved. The actual critical frequency, fc = 0.34 Hz, is almost the same as the estimated value. Thus, the pore
network behaves in inertial and (quasi)-adiabatic regime at the eigen frequencies of the resonators. In addition, the maxi-
mum absorption is only of 0.25 and occurs at 550 Hz that approximately corresponds to the quarter wavelength resonance
of the material (525 Hz).

The same inversion procedure has been applied to the rice grain porous media. Consistently with the more complex
pore geometry, the matched permeability and tortuosity departs from the rough estimates, and take the values Km =
3 10�9 m2; ↵m1 = 1.7. The viscous and thermal characteristic lengths, determined bymatching the absorption curve are of
0.2 mm and 0.5 mm respectively. These values are in good agreement with the granular medium characteristic dimensions.
The critical frequency is higher than previously estimated fcm = 200 Hz, but still fulfills the co-dynamic conditions since,
for the designed resonators, fcm = O(f0). However, the porous matrix behaves in visco-inertial regime at the resonators
resonance.

4.2. Dynamic permeability and effective bulk modulus

The model predicts that the macroscopic effect of the resonators appears on the mass balance, whereas it does not affect
the dynamicDarcy’s law. As a consequence, the inner resonance phenomenon is ‘‘condensated’’ in the effective bulkmodulus
that becomes unconventional, while the dynamic permeability (or effective density) keeps its conventional features.

This essential aspect can be directly checked through the measurements of both effective parameters according to the
procedure described on Section 3.2. Such tests were performed on materials M1 (conventional) and then on M2 and M4
(inner resonance). As they all present the same pore geometry defined by the common sphere packing, the dynamic per-
meability should be the same, but the effective bulk modulus should differ. In the studied frequency range, since the sphere
packing behaves in inertial regime, it is more convenient to consider the effective density than the dynamic permeability.
The experimental data are reported in Figs. 7 and 8.

Firstly, as expected and independently of the inner resonance phenomena, one notices on both parameters the emergence
of the typical diffraction effects (see [33,27,34]) at frequency around 500 Hz, the deviations from the conventional model
becoming significant around 1000 Hz. Thus, this phenomenon is sufficiently separated in frequency and does not interfere
with the inner resonance effect. Note also that the three material present an unexpected perturbation at 375 Hz, which is
therefore an effect of the pore network.

Secondly, in the range of weak diffraction effect, the experiments clearly confirm the theoretical prediction: the effective
density is not affected by the presence of the resonators or amix of resonators and impervious spheres and remains identical
to conventional effective density for frequencies lower than 500 Hz. Conversely, the bulk moduli differ for three inner
resonance materials and depart significantly from the conventional modulus of the impervious spheres packing.

According to the theory, the atypical frequency variation of the bulk modulus are directly related to the eigen frequency
and the concentration of resonator of each material. The signature of the resonance, with a decrease of the bulk modulus
immediately followed by a rapid increase is observed for the inner resonant materials studied here. These effects are very
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Fig. 7. Modulus of the effective density of materials M1 (conventional), M2 and M4 (inner resonance). Normalization by ⇢e/�p . (Color online).

Fig. 8. Effective bulk modulus of materials M1 (conventional), M2 and M4 (inner resonance). Experimental data (thick line) versus simulations with a
priori parameters (thin line). Top: Modulus normalized by the adiabatic bulk modulus of the pore network � Pe/�p , Down: Phase/⇡ (Color online).
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Table 2

A priori and matched parameters of the resonators.

Resonator 1 used in M2, M4 Resonator 2 used in M3, M4, M5, M6
Parameters a priori matched a priori matched

f0(`0) 123 Hz 314 Hz
116 Hz 282 Hz

f0(`0+2↵R) 115 Hz 272 Hz

f 0
c 25 Hz – 4 Hz –
⇠ ⇠ 2 ⇥ 10�4 3 ⇥ 10�4 = ⇠2 ⇠ 1.5 ⇥ 10�5 5 ⇥ 10�5 = ⇠3

significant, in particular theminimum/maximummagnitude could be up to one order smaller/higher than that of a standard
porous medium. Furthermore the perturbations concern a wide frequency range of about 300 Hz. The simulation of the
effective bulk modulus derived theoretically (Eq. (25)), simplified according to the inertial and (quasi)-adiabatic regime and
computed with the ‘‘a priori’’ estimated parameters of the resonators of materials M2 and M4 i.e.,

E(!) = � Pe

 

�p + c
1 � (!/!0)2(1 + 1/

p
2i!/!0

c)

!�1

are presented in Fig. 8. The simulations are in good qualitative agreement with the experiments. At the resonator resonance,
the bulkmodulus reaches aminimumwhich corresponds to themaximumof the resonator response (disregarding the slight
shift due to dissipation). However, themagnitude of the variations is overestimated. This indicate an underestimation of the
damping, meaning that other(s) dissipation mechanism(s) than the slight viscous effects on the duct are involved in the
behavior of the resonator. This mismatchingmay be related to a viscous resistance encountered by the resonator flow at the
pores aperture. This effect is not described by the theory at the leading order and remains to be investigated by introducing
correctors, such as next order expansion terms and/ormatched expansions in the transition zones. Nevertheless, this leads to
consider that the actual resonator behavior is likely governed by a transfer function of the classical type 1� (!/!0)

2 +2i⇠!
(instead of 1 � (!/!0)

2(1 + 1/
p
2i!/!0

c)), where ⇠ accounts for the viscous dissipation.

Eexp(!) = � Pe
✓

�p + c
1 � (!/!0)2 + 2i⇠!

◆�1

. (38)

Then, using expression (38), the experimental curves enable to identify the actual resonance parameters of the resonators.
This leads to consider for materials M2 and M4, a resonance at 116 Hz, respectively 284 Hz, and a damping factor ⇠ =
3 ⇥ 10�4, respectively ⇠ = 5 ⇥ 10�5. In the sequel, the ‘‘a priori’’ parameters indicates !0 and !0

c issued from ‘‘a priori’’
estimations, while ‘‘matched’’ parameters indicate !0 and ⇠ , derived from effective bulk modulus measurements. The
different values are indicated in Table 2 (the equivalent damping of the resonator at !0 is indicated with a ⇠). The Table
shows that the observed eigen-frequencies are close to the ‘‘a priori’’ values with corrected duct length, and confirms the
underestimation of the weak damping. Using these matched values, the correspondence between the experimental and
simulated moduli is satisfactory in the frequency range unaffected by the diffraction, see Fig. 9.

4.3. Features of wave propagation

From the effective parameters determined experimentally, the complex wave velocity is computed and the modulus
and phase are displayed in Fig. 10. As the effective densities vary smoothly, the anomalies on wave properties are directly
inherited from those of the effective bulk modulus. The inner resonance induces two main effects:

– a nonmonotonic dispersion of the velocitymodulus,with significant variation (more than50%) compared to conventional
materials,

– a phase reaching values as ⇡/4, indicating a huge increase of attenuation in the same frequency range.

This high level of attenuation is consistent with the band-gap occurrence. Nevertheless, due to the dissipation, the band
gap is smoothed in a transition zone instead of being sharply confined in frequency. In practice, the nature of the wave
propagation shifts from standard (quasi-)hyperbolic waves to highly damped waves confined on the surface. In this regime,
because of both changes in velocity and attenuation, the characteristic impedance is drastically modified. This results in two
opposite effects on energy absorption: the highest impedance contrast may reduce the wave penetration, while the high
attenuation may enhance the dissipation. The actual absorption described in the next section results from the combination
of these two effects.

4.4. Sound absorption

Conversely to the effective parameters, the sound absorption is not strictly an intrinsic property of the material, since
the geometrical configuration of the test is involved. Nevertheless, beside the previous model validation, it is of interest to
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Fig. 9. Effective bulk modulus. Experimental data versus simulations withmatched parameters (thin line). Same legend as Fig. 8 (Color online).

highlight the unusual absorption properties through experiments performed on the six media M1–M6 in identical config-
uration, i.e. material of 138 mm thick in contact with an impervious backing. Moreover, the comparison of measurements
and simulations provide additional information to validate or to improve the theoretical model.

4.4.1. Media made of resonators
Fig. 11 displays the sound absorption coefficient measured (thick lines) and simulated (thin lines) for the materials M2

and M3 made of the two types of resonators. This figure deserves several comments.
The drastic differencewith the conventionalmaterial M1made of impervious spheres (see Fig. 6) is noticeable, especially

around the eigen frequencies of the resonators. The significant increase of absorption demonstrates the interesting potential
of meta porous media for practical purposes.

The presence of band-gap is not contradictory with an absorption effect. Indeed band-gap means that in the depth of
the material the wave necessarily vanishes and therefore its propagation is avoided. However, for media of finite thickness,
the evanescent wave does exist on a boundary layer in which the energy is dissipated. Thus, in the band-gaps, the energy
balance has to account for this surface energy. Consequently, meanwhile the transmitted wave vanishes, the incident wave
is only partially reflected instead of being perfectly reflected.

For material M2 (a priori tuned at 120 Hz) the effect of the resonator disappears above 400 Hz (see Fig. 8), and the second
absorption peak around 550 Hz, is identical in frequency and magnitude to that of the impervious sphere material M1. For
material M3 (a priori tuned at 314 Hz) the effect of the resonator subsists up to 600–700 Hz (see Fig. 8), and interacts with
the quarter wavelength resonance of the sphere arrangement. Such a combination of local and global resonance results in
a large enhancement of absorption (compared to M1) in this frequency range, and in a shift of the peak frequency from 550
to 630 Hz. This situation presents strong similitude with the meta-surface effect already noticed in elasticity [35,36].
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Fig. 10. Sound velocity (modulus on top line, phase on bottom line) of materials M1 (conventional) and M2, M4 (inner resonance). Experimental data
(thick line) versus simulations (thin line) with a priori parameters (on left); with matched parameters (on right). Normalization by the sound velocity Ce

(Color online).

Fig. 11. Sound absorption coefficient at normal incidence of materials M2 and M3 made of resonators tuned at 123 Hz and at 314 Hz. Experimental data
(thick line) versus simulations withmatched parameters (thin line) (Color online).

These experimental data have been simulated using two sets of parameters:

– those given by ‘‘a priori’’ parameters (with formula (25) for effective bulk modulus),
– the ‘‘matched’’ parameters identified with the bulk modulus measurement (together with formula (38) for the effective

bulk modulus).
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Fig. 12. Sound absorption (at normal incidence) ofmaterialM4made of resonators a priori tuned at 314Hz and impervious spheres in identical proportion.
Experimental data (thick line) versus simulations withmatched parameters (thin line) (Color online).

Fig. 13. Sound absorption (at normal incidence) of material M5made of resonators a priori tuned at 123 and 314 Hz in identical proportion. Experimental
data (thick line) versus simulations with a priori (dot line) and matched parameters defined in Table 2 (dash dot line), (Color online).

For both media, the ‘‘a priori’’ simulations correctly retrieve the qualitative form of the absorption curves, in particular the
frequencies of maximum absorption are well predicted. A quantitative agreement is also observed for the absorption peak
related to the inner resonance. Quantitatively, off the two resonances, simulated results exhibit an absorption level lower
than the measured one. This observation is consistent with the under-estimation of the resonator dissipation previously
mentioned. This assumption is supported by the ‘‘matched’’ simulations that correctly reproduce the experimental data.

4.4.2. Mix of impervious spheres and/or resonators
The above comments also apply to mixed media M4 and M5.
For media M4, made of equal proportion of resonator and impervious spheres, measured and predicted data with ‘‘a pri-

ori’’ and ‘‘matched’’ parameters are displayed in Fig. 13. Comparedwith the absorption ofmediaM3, Fig. 11, the experimental
results evidence the higher influence of the resonators when they are in higher concentration, especially around the quarter
wavelength resonance which is observed around 590 Hz. It is likely that the dissipation inside the resonator is responsible
for this lack of dissipation in the model. The simulations also confirm the qualitative agreement of the model with the ‘‘a
priori’’ estimates (the frequencies of the twomain peaks are correct, while the absorption is significantly under-estimated);
and the reasonably correct description with the ‘‘matched’’ parameters corresponding to enhanced resonator dissipation.

Fig. 12 displays the measured and predicted data for media M5 made of equal proportion of the two types of resonators.
These data disclose the cumulative effect of the resonators, each typeproviding a large absorption around its eigen frequency.
The simulations realized using the effective bulk modulus expression (32) with ‘‘a priori’’ and ‘‘matched’’ parameters gives
respectively good qualitative and quantitative descriptions.
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Fig. 14. Sound absorption (at normal incidence) of material M6 made of resonators a priori tuned at 314 H embedded in a porous matrix. Experimental
data (thick line) versus simulations withmatched parameters (thin line) (Color online).

4.4.3. Resonators embedded in porous media
The last configuration M6 corresponds to resonators a priori tuned at 314 Hz embedded in a porous medium. Measured

and simulated data (with ‘‘a priori’’ and ‘‘matched’’ parameters) are compared in Fig. 14. The main difference between the
previous cases is that the matrix behaves in visco-inertial regime (fcm = 200 Hz) at the resonator eigen frequency. This
induces more complicated effect because both matrix and resonator have complex moduli that vary significantly with fre-
quency. As a result, in place of the single peak due to the resonators a priori tuned at 314 Hz, two separate peaks are visible
around 170 and 250 Hz. These two peaks are also predicted by the model and, more generally, a good correspondence is
observed in the whole frequency range between simulations and experiments. Note that the deviation due to the underes-
timated level of dissipation is reduced when embedding the resonators in a dissipative porous medium.

To sum up, the principle of the model and its main outcomes are confirmed by a series of experiments performed on
several materials. The model is reliable, at least for a preliminary design of unconventional porous media. The weak point
lies in the under estimation of the dissipation, and improvements on this aspect are currently investigated.

5. Conclusion

In this paper, it is demonstrated analytically and illustrated experimentally that inserting insert resonators (possibly of
different nature) in porous media leads to effective acoustic properties that depart significantly from conventional poro-
acoustic. This relies on the occurrence of a ‘‘co-dynamic’’ regime, in which macro wavelengths and local resonance occur
simultaneously. Indeed, in the inner-resonance frequency range, the elasto-inertial response of the resonator acts as a com-
plex and possibly negative bulk modulus, which induces an effective negative stiffness of the porous media in a ‘‘atypical’’
frequency band. Thus, the features of acousticwave are drasticallymodified, especiallywithin and around this atypical band,
that corresponds to a low frequency band gap. The ‘‘co-dynamic’’ regime is a specific situation that departs from:

– Rayleigh scattering where wavelengths are larger than the period, so that local dynamic effects are weak,
– Bragg scattering at high frequency where wavelengths comparable to the array’s size [37], so that band gaps are strictly

related to diffraction, see e.g. [38,13].

However, it should be possible to consider the ‘‘co-dynamic’’ regime as a particular case of recently developed theories as the
non local theory established in [12,39], or the high frequencymodulation approach, e.g. [40,41], derived through asymptotic
expansions in the Floquet–Bloch framework.

The present multi-scale analysis of inner-resonant porous media leads, at the leading order, to an analytic formulation
where the effective parameters are fully determined from the knowledge of the geometry and of the properties at the period
scale. Thus, the model can easily be used to design unconventional acoustic media.

Such ability has been developed in practice and has lead to several prototypes. A series of experiments confirm the main
theoretical outcomes, in particular the high absorption at low frequency of the designed materials. It is worth mentioning
that this high absorption is obtained with materials made of hollow spheres having a total density of 4.2 kg/m3 (without
granular matrix), i.e., less than 4 times the air density, having a total porosity of 0.998, i.e., only 2 thousand of the volume is
occupied by the solid, but being nevertheless sufficiently stiff to appear as rigid for airborne sound excitation.

This demonstrates that inner resonant porous media can be simply realized in laboratory but also at industrial scale.
They present practical interest for engineering acoustic applications, that may concern the design of new systems, either for
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damping (large absorption at low wavelengths) or for fast/low velocity purposes (acoustic mirages or acoustic decoys), at
different spatial and/or frequency scales.

Further theoretical and experimental works are in progress (i) to improve the model with correctors involving higher
order terms in the expansions and/or matched expansions in the transition zones, (ii) to investigate various resonator
configurations (thickness, sound incidence etc.) and (iii) other types of resonators. In addition, the sound transmission
properties are currently investigated to assess materials having low dissipation properties and high dispersion capacity.
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